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Abstract: We consider the Mielke-Baekler model of three-dimensional AdS gravity 
with torsion, which has gravitational and translational Chern-Simons terms in addition 
to the usual Einstein-Hilbert action with cosmological constant. It is shown that the 
topological nature of the model leads to a finite Fefferman-Graham expansion. We 
derive the holographic stress tensor and the associated Ward identities and show that, 
due to the asymmetry of the left- and right-moving central charges, a Lorentz anomaly 
appears in the dual conformal field theory. Both the consistent and the covariant Weyl 
and Lorentz anomaly are determined, and the Wess-Zumino consistency conditions 
for the former are verified. Moreover we consider the most general solution with flat 
boundary geometry, which describes left-and right-moving gravitational waves on AdS3 
with torsion, and shew that in this case the holographic energy-momentum tensor is 
given by the wave profiles. The anomalous transformation laws of the wave profiles 
under diffeomorphisms preserving the asymptotic form of the bulk solution yield the 
central charges of the dual CFT and confirm the results that appeared earlier on in the 
literature. We finally comment on some points concerning the microstate counting for 
the Riemann-Cartan black hole. 
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1. Introduction 

According to the AdS/CFT correspondence (cf. [1] for a review), any theory of grav- 
ity onarfl 1-dimensional asymptotically anti-de Sitter space is dual to a conformal 
field theory living on the (i-dimensional boundary of AdS. This allows to compute CFT 
correlation functions of operators O by considering fields <fi propagating in the d+1- 
dimensional bulk spacetime. The boundary value <fio of (f) represents a source for the 
associated operator O. By turning on various bulk fields one can deform the corre- 
sponding CFT, and break symmetry explicitely or spontaneously, depending on the 
boundary condition on 0. 

A generalization that has not been investigated very much up to now is to admit torsion 
in the gravity theory 1 , and to address this point is the purpose of the present paper. 
We will study the effects of torsion in a simple setting, represented by a topological 
model of three-dimensional gravity, whose equations of motion imply both constant 
curvature and constant torsion [3]. What makes this model particularly appealing is 

lr The holographic currents associated to five-dimensional Chern-Simons gravity with nonvanishing 
torsion were studied in [2] . 
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the fact that, similar to ordinary three-dimensional general relativity with negative cos- 
mological constant, it can be written as a sum of two SL(2,R) Chern-Simons theories, 
but with unequal coupling constants [4,5]. We derive the central charges of the dual 
CFT, the holographic energy-momentum tensor and the associated (anomalous) Ward 
identities. In particular, there is a Lorentz anomaly, which comes from the presence 
of a gravitational Chern-Simons term in the bulk action, invariant under local Lorentz 
transformations only up to a boundary term. The holographic description of diffeo- 
morphism and Lorentz anomalies by gravitational Chern-Simons terms was explored 
in [6]. We find that bulk torsion modifies the trace anomaly, but the Lorentz anomaly 
is given by the prefactor of the gravitational Chern-Simons term alone. 
Our paper is organized as follows: In section |2] we briefly review the Mielke-Baekler 
model of three-dimensional gravity with torsion, and its formulation as a Chern-Simons 
theory. In the following section we work out the Fefferman- Graham expansion for the 
dreibein and the spin connection and show that it is finite. In section f|, the holo- 
graphic stress tensor and the associated anomalous Ward identities are obtained. We 
determine both the consistent and the covariant anomalies, as well as the Bardeen- 
Zumino polynomial relating them. It is furthermore shown that no diffeomorphism 
(Einstein) anomaly appears. We then consider the most general bulk solution with flat 
boundary, which represents left-and right-moving gravitational waves on AdS3 with 
torsion. In this case the CFT energy-momentum tensor reduces to the wave profiles, 
and transforms anomalously under diffeomorphisms preserving the asymptotic form of 
the solution. From the transformation laws one can read off the central charges, and 
confirm the results of [7]. Finally, in section |5| we discuss some points related to the 
microstate counting for the Riemann-Cartan black hole. In the appendix, we check 
that our anomalies satisfy the Wess-Zumino consistency conditions. 



2. Three-dimensional gravity with torsion 

A simple three-dimensional model that yields nonvanishing torsion was proposed by 
Mielke and Baekler (MB) [3] and further analyzed by Baekler, Mielke and Hehl [8]. 
The action reads [3] 2 



2 Our conventions are as follows: A, B, , . . are 3d Lorentz indices, while fx, v, . . . are 3d spacetime 
indices. Two-dimensional Lorentz and world indices on the boundary of AdS3 are denoted by a, b, . . . 
and i, j, . . . respectively. The signature is mostly plus, and hatted fields are objects in three dimensions. 



I = all + AJ 2 + 0:3/3 + "4-^4 , 
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where a, A, 0:3 and an are constants, 



h = 2 e A AR J 



I * = ~\j e A B C e A A e B A e c , 
I 4 = / e^AT A , 



and 



i? A = ^ A + ieV^A^ c , 

f A = rfe A + eV^Ae c , (2.2) 

denote the curvature and torsion two-forms respectively. Cj a is defined by Cj a = 
\e ABC CjBc with eoi2 = 1- h yields the Einstein-Hilbert action, J 2 a cosmological 
constant, 1$ is a Chern-Simons term for the spin connection 3 , and I4 represents a 
translational Chern-Simons term. Note that, in order to obtain the topologically mas- 
sive gravity of Deser, Jackiw and Templeton (DJT) [10] from (j2.1|) , one has to add a 
Lagrange multiplier term that ensures vanishing torsion. The field equations following 
from ( |2.1|) take the form 

2aR A - Ae A BC e B A e c + 2a A f A = , 
2af A + 2a 3 R A + a A e A BC e B A e c = . 

In what follows, we assume a 3 a A — a 2 7^ 4 . Then the equations of motion can be 
rewritten as 

2T A = Ae A BC e B Ae c , 2R A = Be A BC e B A e c , (2.3) 

where 

a 3 A + a^a aA + a\ 

-A = — , B 



a 3 a A — a? ' a 3 a A — a 2 

Thus, the field configurations are characterized by constant curvature and constant 
torsion. From ( |2.2|) one gets 

Cj a = u^ A - K A , (2.4) 



3 Some aspects of three-dimensional gravity with gravitational Chern-Simons term were studied 
in [9]. 



For 030:4 — a 2 = the theory becomes singular [8]. 
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where Co^ A denotes the Christoffel connection and K A is the contorsion one-form given 
by K A = \t A BC & B ^e> Cl Kp-yn, with the contorsion tensor 

and Tg 7jU = e.ApT A . (|2.4j) allows to express the curvature R A of a Riemann-Cartan 
spacetime in terms of its Riemannian part R^ A and K A , 

R A = fto)A _ d ^A _ € A bc Co B A j { c_ 1 e A Bc k b AK c . (2.5) 



Using the equations of motion Q2.3| ) in ( |2.5| ), one gets for the Riemannian part 

2^ = A/ BC e B Ae c , (2.6) 
with the effective cosmological constant 

A 2 

A cff = B - — . 

This means that locally the metric is given by the (anti-)de Sitter or Minkowski solution, 
depending on whether A e fj is negative, positive or zero. It is interesting to note that 
A e ff can be nonvanishing even if the bare cosmological constant A is zero [8]. In this 
simple model, dark energy (i. e. , A e g) would then be generated by the translational 
Chern-Simons term 7 4 . 

In [4] it was shown that for A g < 0, the Mielke-Baekler model ( |2.1| ) can be written 
as a sum of two SL(2, M) Chern-Simons theories. This was then generalized in [5] to the 
case of arbitrary effective cosmological constant. In what follows we shall be interested 
in the case A e ff < 0, so we briefly summarize the results of [4]. For A c g < the geometry 
is locally AdS 3 , which has the isometry group SO(2, 2) = SL(2, E)x SL(2, R), so if the 
MB model is equivalent to a Chern-Simons theory, one expects a gauge group SO (2, 2). 
Indeed, if one defines the SL(2,M) connections 

A A = u A + qe A , A A = u A + qe A , 

then the SL(2,M)x SL(2,R) Chern-Simons action 5 

Ics = ^~ [(AAdA+^AAAAA) - ±- [(A A d~A + %A A A A A) (2.7) 

07T J 6 07T J 6 



5 In (p?7|), (t a , t b ) = 2 Tr (t a t b ) = rj AB , and the SL(2, R) generators t a satisfy [t a ,t b ] = e AB c r c . 
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coincides (up to boundary terms) with / in (|2.1| ), if the parameters g, q and the coupling 
constants t, i are given by 

A i — : — A i — : — . , 

q = — j + V-Aeff , q = - - - V-Acfr (2.8) 

and 

t 2a + a 3 A t 2a + a^A 

— = 2a 3 + , — = -2a 3 + — . 2.9 

We see that q, q, and thus the connections A A , A are real for negative A c g. The 
coupling constants t, t are also real, but in general different from each other due to the 
presence of I 3 . 



3. Finite Fefferman- Graham expansion 

Let us now determine the Fefferman- Graham (FG) expansion [11] for the dreibein e A 
and the spin connection Cj a , which will turn out to be finite 6 . To this end, we proceed 
similar to [2, 13], using the CS formulation of the MB model. First of all, one assumes 
that the manifold is diffeomorphic to M2 x K asymptotically and that it is parametrized 
by the local coordinates x M = (x l ,p), with p denoting the radial coordinate and M2 
being the spacetime on which the dual CFT resides. The corresponding Lorentz indices 
are split as A = (a, 2). The field equations F = F = following from (|2.7|) imply 

d p Ai - diA p + [A p , Ai] = , (3.1) 

and an analogous equation for A. Note that the simplest gauge choice A p = A p = is 
not allowed, as this would lead to a degenerate dreibein. A nondegenerate choice is to 
take A p and A p to be constant Lie algebra elements. The general solution of ( ft.l| ) is 
then given by 

Ai(p, x 1 ) = e- pA » Ai(0, x j ) e pA " . (3.2) 
As in [13] we choose A p = r 2 , A p = — r 2 , so that (|3.2j ) leads to 

Ai(p, x 3 ) = v4°(0, x)(tq cosh p — r\ sinh p) + A](0, x)(t\ cosh p — r sinh p) + A?(0, x)t 2 , 
Ai(p, x j ) = A°(0, x)(t cosh p + Ti sinh p) + A] (0, x){t\ coshp + r sinhp) + A*(0,x)t 2 . 

Next, we shall impose one extra condition on the vielbein, namely e 1 i = 0, or equiva- 
lently Af(0,x) = Af(0,x). This breaks three-dimensional Lorentz symmetry down to 

6 The fact that three-dimensional Einstein spaces with negative curvature have a finite FG expansion 
was first shown in [12]. 
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a two-dimensional one, and leaves a 2d tetrad as a gravitational source. Moreover, it 
ensures that the boundary metric is torsion-free [13]. One obtains then the finite FG 
expansion 

e a {p,x) = e p e a {x) + e- p k a {x), 
e 2 (p, x) = idp , 

Co a (p,x) = e" j^e» + \e\e\x)} + e"' S^k a (x) - \e\k\x) 
Al 

uj 2 (p, x) = uo(x) + — dp, (3.3) 

for the dreibein and the spin connection, with t defined by A cff = — l/£ 2 , e i = 1, 
Ui(x) = A 2 (0,x) and 

e\ = l - (A°(0, x) - 4(0, x)) + l -e\ (4(0, *) + 4(0, *)) , 

k\ = I (4(0, ar) - 4(0, *)) - ~e° 6 (4(0, x) + 4(0, x)) . 

e a and represent the tetrad and the spin connection on the CFT manifold 

M 2 . Finally, the FG expansion of the three-dimensional line element e A ^eAvdx p dx v is 
given by 

ds 2 = [e 2p gij + 2%) + e~ 2p r ]ab k a i k b j ] dx l dx j + fdp 2 , (3.4) 

where = r] ab e a ie b j and k^ = e ai k a j. Note that the equations of motion (|2.3|) for T a 
imply 

dk a -e a b u Ak b = 0, (3.5) 

as well as 

de a -e a b uj Ae b = 0, (3.6) 

i. e. the boundary torsion indeed vanishes. (|2.3j ) for T 2 gives furthermore fcjyi = 0, 
whereas R 2 yields 

du + ^e ab e a Ak b = 0, (3.7) 
and the field equation for R a is identically satisfied. 

4. Holographic stress tensor 

In order to find the holographic energy-momentum tensor, we vary the action Q2.1| ) 
on-shell, to get 



81 



/ [-2a e A A 8u A - a 3 cA 4 A 8u A - a 4 e A A 8e A ] . (4.1) 
Jm 2 
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Next, we evaluate this variation on the asymptotic solution 
only divergent term in the limit p — > oo is given by 

61^ = — [ e 2f> e„ h e a A5e b . 



3|). One finds that the 



This can be removed by adding to the action a local counterterm 

let = j J tab e a A e b , 

which is the usual counterterm needed to regularize AdS 3 gravity [14] 7 . Up to terms 
that cancel in the limit p — > oo one gets then 

2a 3 



6(1 + 1, 



ct J 



e a A 5k° 



4a A 
~r + oij,— 



A 



e ah e a ASk b 



k a A 6e a - a 3 — / e ab k a A 6e — a 3 / uo A 5uo . 



i 2 

The next step is to transform variations of k a into variations of e a . Up to finite boundary 
terms, that we are free to add, one has 



e a A 5k a = k a A 5e a , 
and a similar expression for e a b e a A 5k b . In this way, we finally arrive at 

<)[,,,: = 1 I k a A 5e a — { -f + 2atz-i } / e ab k a A 5e b — a 3 / uo A 5uj . 



(4.2) 



where I tot = I + I ct + /fin.bdry.- One can now define the holographic energy- momentum 
tensor by 8 



2vr 5L 



tot 



27re ij ' 



lei <5e a 5 - 



4a; 
' £ 2 



k aj + - [2a + a 3 A] e ab k b j + a 3 e am V i (*^)' 



(4.3) 



As was said earlier, the boundary torsion is zero, and thus the spin connection uo is 
determined completely by e a . This means that 8uo in ( O ) has to be expressed in terms 
of 5e a , and contributes to the stress tensor 9 . Note also that T l a is the Hodge dual of 
the energy-momentum one-form r a , T l a = |e| _1 e 4 - ? r, 



7 Note that a = 1/16ttG. 

8 In (4.3), e 1 -? is defined by e tx = —1, if t, x are local coordinates on M2. The orientation is such that 



dx l A dxi = —e^d^x, and the Hodge dual is defined by (*uj) 1 = |e| — 1 e i - ? cij J . Vj denotes the covariant 
derivative on M2. 

9 If the tetrad and the spin connection were independent, the last term in ( |4.2[ ) would not contribute 
to the stress tensor, but would give rise to a spin current a 1 = |e| _1 <5/tot/<5wi. In five dimensions, such 
a scenario was considered in [2]. 
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4.1 Anomalies 



Let us now consider the Ward identities satisfied by the stress tensor (fOP- First of all, 
its trace is given by 



T = e a iT\ = irl [2a + a 3 A] R - 2na^W, 



UJ 



(4.4) 



where R denotes the scalar curvature of the boundary. To obtain (fO|), we used fe[y] = 
and equ. (|3.7|) , which implies 



R 



Using the central charges 



c L = 24vr 



a£ + a 3 



A£ 
~~2 



c R = 24tt 



a£ + a 3 



A£ 



+ 1 



(4.5) 



of the dual conformal field theory, obtained in [7] by computing the Poisson bracket 
algebra of the asymptotic symmetry generators, (|4.4|) can be rewritten as 



c L + c R 
24 



R - 27ra 3 ViU/ . 



(4.6) 



The first piece is the usual covariant expression for the trace anomaly, whereas the 
second one transforms non-covariantly under local Lorentz transformations. We will 
come back to this point later. 

The energy-momentum tensor (|4.3| ) is not symmetric, 



Tab — T 



ba 



27ra, *R, 



ab 



cr - c L 
24 



Rab 



(4.7) 



where T afe = e ai T % b) and *R ab = ( 2 1 e | ) — 1 e*- 7 -R^ij is the Hodge dual of the Riemann tensor. 
(|4.7|) means that there is a Lorentz anomaly in the dual field theory [15-18]: Under an 
infinitesimal local Lorentz transformation the zweibein transforms as 5 a e a i = —a a i,e b i, 
so the variation of the quantum effective action is 5 a r e ff = — f d 2 xa a be b i(5T c s/5e a i). 
But ebi(ST e g/Se a i) = \e\Tb a /2ii, so one has 



£ a r eff = -— / d x\e\a a T ba . 

27T J 

Since a ab is antisymmetric, it follows that the non-invariance of the effective action 
under local Lorentz transformations is equivalent to asymmetry of Tab- 



Let us finally compute the divergence of ( [4.31) . Making use of (|3.5[) , one obtains 

irotzReJuj , (4.8) 



v t r a 
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where Vj denotes the covariant derivative with respect to both local Lorentz transfor- 
mations and diffeomorphisms, i. e. 



ViT\ = d{T\ + r tJ T\ - uj b ia T 

To see that ( |4.8| ) is the correct Ward identity, observe that under an infinitesimal 
coordinate transformation x % \— > x % — £ l , the zweibein varies as 5^e a i = e a jVi^ +^'Vje a i, 
with V je a i = djt a i — T k jie a k being the covariant derivative w. r. t. diffeomorphisms. 
Using ST e ff/Se a i = |e| T l a /2ii, the variation of the effective action becomes 

^r cfr = ±-j d 2 x\e\ 7"„(> " ; V,e + &Vje a i) ■ 

Integrating by parts the first term, using T l j = T l a e a j and Vje a j = —u>j b e b i (which 
follows from Vje a j = 0), one finally gets 

^r eff = i- J d 2 x\e\ e [-V l T ] + oof T ab ] . (4.9) 

Invariance under diffeomorphisms implies then 

ViTj^ujfTa,,. (4.10) 

If Lorentz symmetry is preserved so that T ab is symmetric, the term on the r. h. s. van- 
ishes due to the antisymmetry of the spin connection, and one has the usual conser- 
vation law VjT J j = 0. In our case, however, Lorentz symmetry is broken, and the 
antisymmetric part of T a b is given by (|4.7|) . Plugging this into ( 4.10| ) yields exactly 



This means that in the field theory dual of ( |2.ip , diffeomorphism invariance is 
preserved. Note that, by adding local counterterms, it is always possible to shift the 
Lorentz anomaly into a diffeomorphism anomaly and vice- versa [16]. 
As we said earlier, the trace (L6) of the stress tensor is not covariant. This is a general 



feature of anomalies: There are consistent and covariant anomalies [16]. The former 
satisfy the Wess-Zumino consistency conditions [19] and the corresponding currents 
are obtained by varying the vacuum functional with respect to the gauge potential, 
whereas the latter are obtained by adding to the corresponding consistent anomaly a 
local function of the gauge potential (the so-called Bardeen-Zumino polynomial). The 
resulting current is covariant under local gauge transformations. In our case, by adding 
to the energy-momentum tensor (|4.3[) the Bardeen-Zumino polynomial 



V l a = -^e^e am V j {*u J T, (4.11) 
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we get the covariantly transforming stress tensor T % a = T % a + V\, whose trace and 
divergence are given respectively by 

f = ^^R, V,r a = 0. (4.12) 

For the antisymmetric part of T ab one gets 

f ab -f ba = A7ca 3 *R ab , (4.13) 

which is twice the right hand side of ( [4.71 ). Observe that T l a is exactly the result we 
would have obtained by dropping the contribution of the last piece in ( |4.2| ), i. e. , by 
considering the zweibein and the spin connection as independent fields. 

4.2 Chern-Simons gauge transformations 

A particular example resolving the constraints ( |3.5|) , (|3.6|) and ( |3.7| ) is given by 

£ £ 
e° = -(du — dv) , e 1 = -(du + dv ) , uj = , 

k° = 2G[-L(u)du + L(v)dv] , k 1 = 2G[L{u)du + L{v)dv] , (4.14) 

where u = (x + t)/£, v = (x — t)/£ are light-cone coordinates on the boundary, L(v ) and 
L(u) denote arbitrary functions, and G is the 3d Newton constant. The corresponding 
three-dimensional line element reads 

ds 2 = AG£ (Ldu 2 + Ldv 2 ) + (£ 2 e 2p + lQG 2 LL e - 2p ) dudv + £ 2 dp 2 . (4.15) 

(|4.14|) represents a generalization to nonvanishing torsion of the general solution with 
flat boundary geometry obtained in [20]. L and L describe right- and left-moving 
gravitational waves on AdS 3 respectively. Using ( [4. 14|) in ( |4.3|) yields the holographic 
stress tensor 

T vv = ^^-L(v) , T uu = ^^L(u) , T uv = T VU = 0. (4.16) 

In the case = = 0, when cl = cr = 3£/2G [21], this reduces to T vv = L, T uu = L, 
as it must be [20]. 

The Chern-Simons connections corresponding to the solution ( 4.14 ) are 

A° v = -e? + e-^, Al = e» + e-^, ^ = 1, (4.17) 
Au — ~ eP + e P y i Al u = —e p — e p — , A 2 = — 1 , 
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and all other components vanishing. We may now ask which gauge transformations 
preserve this form of the connection. Under an infinitesimal gauge transformation the 
connection A changes according to 

5 A = —du — [A, u] , 



where u = u a ta is an sl(2, IR)-valued scalar. One finds that the form ( |4.17]) is preserved 
iff 



u° = -a(v) e p + 



u = a(v) e p + 



u 2 = —a'(v) 



AGL , . a"(v) 

— a{v) 2~ 

AGL , , a"{v) 



-a(v\ 



where a(v) denotes an arbitrary function. The variation of L is 



which implies 



5L = -2a'(v)L - a(v)L' + — a'"(v ) 

8G 



5T VV = -2a'(v)T vv - a(v)T' vv + j^a'''(v) 



(4.18) 



for the component T vv of the stress tensor. ( f4.18| ) is the correct transformation law 
under conformal transformations, and confirms that Cr is the central charge of the 
right-moving sector. An analogous calculation for A yields the transformation law for 
T uu with anomaly proportional to cl- Note that one has cr = 6t, cl = &t, where t and 
t denote the Chern-Simons coupling constants (|2.9| ). 



5. Entropy of the Riemann-Cartan black hole 

If we choose 



L(v) 



ml — j 



L(u) 



mi + j 



2 ' v ' 2 ' 

where m and j are constants, and change the coordinates according to 



,2p 



£ 4 



- 8Gm— + 



r 2 16G 2 j 2 r 



+ — - AGm 



u = <f) + 



t 



v = <p — 



(|4.14j) reduces to the so-called Riemann-Cartan (RC) black hole [22], whose metric is 
identical to that of the BTZ solution, 



d s 2 = -N 2 dt 2 + ^- + r 2 (d(f ) + N*dt) 2 
N 2 



(5.1) 
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with 



N 2 



-8Gm + — + 



16G 2 j 2 



AGj 



Note that the spin connection is different from the Christoffel connection due to non- 
vanishing torsion. 

The holographic stress tensor ( [4.1 6|) corresponding to the RC black hole is given by 



Gc 



R 



?J 



(mi - j) = T 



Gci 



{m£ + j)=f 



(5.2) 



To and To are the zero-modes in a Fourier expansion of the energy-momentum tensor. 
The mass and angular momentum of the solution are 



M = -(T + T ) = m H 

i a 



j rp rp ■ . 0> 3 f A] 

J = T -T =j + — — 
a \ 2 



m 



(5.3) 



The conserved charges ( |5 . 3|) coincide with the ones computed in [22,23]. For AdS 3 
in global coordinates, which represents the ground state and corresponds to j = 0, 
8Gm — — 1, one gets 



M 



AdS, 



-2tt£ 



A 

a + a 3 — 



c R + c L 
24 



J 



AdS 3 



27Tttq 



24 



The nonvanishing ground state angular momentum is due to the asymmetry of the 
central charges, which prevents the left- and right-moving zero point momenta from 
cancelling each other [6]. 

The entropy of the RC black hole was obtained in [24] by calculating the Euclidean 
action, with the result 



c_ 27rr + , AJ1 ' ■ 

~ ~4G~ 



+ 4ir z a 3 Ar + - 2— 



(5.4) 



where 



4Gmt 



1 ± 



m 



are the locations of the outer and inner horizon. The first term in (|5.4j) is the standard 
Bekenstein-Hawking result, proportional to the area of the event horizon, whereas the 
second term represents a correction due to the other terms in the action ( [2.1Q . The 
quantities S, M, J satisfy the first law of thermodynamics [24] 



dM = TdS + VLdJ . 
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with the Hawking temperature T and the angular velocity of the horizon f2 given by 

r\-rl AG j 
2nPr + ' re- 
using the central charges (f4.5|) and the conformal weights T , T in the Cardy formula 



yields the microscopic entropy 



5^ = 2^ + 2^, (5.5) 

which agrees exactly with the thermodynamic entropy ( |5.4J) . This was first shown 
in [25]. Note that the derivation of the Cardy formula uses modular invariance of the 
CFT partition function (see e. g. [26]), which requires cr — cl to be a multiple of 24 [27], 
i. e. , one must have 

2na 3 E Z. (5.6) 

Note in this context that in Euclidean signature, the gauge group in the CS formulation 
of the MB model becomes SL(2,C), with maximal compact subgroup SU(2), so that 
«3 is subject to a topological quantization condition [5,28], which might be related to 
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A. Wess-Zumino consistency conditions 

In this appendix we shew that the anomalies ( [4.6| ) and ( |4.7| ) satisfy the Wess-Zumino 
consistency conditions [19]. It was shown in section |44] that under an infinitesimal 
local Lorentz transformation a ab , the vacuum functional changes as 

5 a T e{i = ±- [ d 2 x\e\a ab T ab . (A.l) 



2tt _ 

Let us assume that the Lorentz anomaly takes the form e ab T a b = (3R for some constant (3 
(in our case (3 = — na^). Under an infinitesimal local Weyl transformation S lfi e a i = (pe a i, 
(|A.1| ) varies as 

<L5 a r e fj = — — f d 2 x\e\aS7 2 tp , (A. 2) 
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where the function a is defined by a ab = ae ab . On the other hand, applying first a 
Weyl transformation yields 

S v T eS = ^- / d 2 x\e\T(p. (A. 3) 

Ztc J 

Under the assumption T = + ^V^u/, with 7,7 constants (in our case 7 = (cl + 
cr)/24, 7 = — 27ra 3 ), (|A.3|) splits into two pieces, the first of which being Lorentz 
invariant, whereas the second gives the variation 

^a^r eff = J d 2 x\e\ y?V 2 a , (A.4) 

and we used 5u = —da. As Weyl- and Lorentz transformations commute, ( |A.4| ) and 
( A. 2 ) must be the same. Integrating by parts twice yields then the relation 

7 = 2/3, (A.5) 

which is indeed satisfied by the anomalies ([4.6|) , ( |4.7| ). 
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